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Relativistic corrections are investigated to the Ganiow-Teller(GT) sum rule with respect 
to the difference between the /3_ and /3+ transition strengths in nuclei. Since the sum rule 
requires the complete set of the nuclear states, the relativistic corrections come from the 
anti-nucleon degrees of freedom. In the relativistic mean field approximation, the total 
<;- , GT strengths carried by the nucleon sector is quenched by about 12% in nuclear matter, 

r^ 1 while by about 8% in finite nuclei, compared to the sum rule value. The coupling between 

the particle-hole states with the nucleon-antinucleon states is also discussed with the 
relativistic random phase approximation, where the divergence of the response function 

Cj , is renormalized with use of the counter terms in the Lagrangian. It is shown that the 

3 ■ approximation to neglect the divergence, like the no-sea approximation extensively used 

C ' so far, is unphysical, from the sum-rule point of view. 

> 

j^ ■ 1. Introduction 

;_( 

C^ ' The sum rules play an important role in a wide range of physics. Since they are 

derived from the fundamental principles of the theory, their violation leads us to 

the reconstruction of the theory. Recently, precise analyses of experiment have been 

performed on the sum rule with respect to the difference between the /3_ and /?+ 

Gamow-Teller(GT) transition strengths in ^"Zr. It has been shown that the GT 

sum rule value is quenched by 12%±699~ not including an overall normalization 

uncertainty in the GT unit cross section of 16%. The analyses have been performed 

in the excitation-energy region up to 50 MeV. Experimentally, it is not clear yet 

that the GT sum rule is violated, mainly because of the uncertainty in the GT unit 

cross section. It is important, however, for nuclear physics to study theoretically 

whether or not the GT sum rule is violated, since it should be hold, if the nucleus 

is a non-relativistic quantum mechanical system composed of nuclcons. The study 

of the violation is also important for other several areas of physics. For example, 

information of nuclei is necessary for neutrino physics or supernova physics, where 

the dominant processes are governed by the GT and Fermi transitions. The pion 

condensation in neutron star can not be also discussed without the knowledge on 

the violation of the GT sum rule^. Correct understanding of nuclei makes it possible 
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to discuss the GT strength in different situations. 

Theoretically, it is pointed out that the GT sum rule is violated owing to the 
non-nucleonic degrees of freedom in nuclei, that is the A degrees of freedom. The 
A is an excited state of the nucleon, whose mass is 1323 MeV. The A-hole states 
are excited with additional GT strengths to the sum rule value. While the sum 
rule value is proportional to the difference between the neutron and the proton 
number, the total GT strength of the A-hole states is proportional to the number 
of nucleons. Therefore, if there is a repulsive coupling of the nucleon particle-hole 
states with the A-hole ones, their small mixing yields a considerable reduction of 
the GT strength in a low excitation-energy region"'. Indeed, the coupling force is 
predicted to be repulsive. Recent calculations have shown that 19(14)% of the sum 
rule value is taken by the A-hole states, using the coupling constant of Chew-Low 
(the constituent quark) modepl. 

There are more naive corrections to the GT sum rule of the nucleonic degrees of 
freedom in the non-relativistic theory. In nuclei, relativistic corrections have been 
believed to be about 10% for a long time, since the nuclear Fermi velocity is esti- 
mated to be about 0.27 from the nuclear density in non-relativistic models. In the 
case of the sum rule, this correction is related to a requirement of the complete 
set of nuclear states. In a relativistic framework, the complete set is composed of 
the nuclcon(N) and the anti-nucleon(N) states. Since NN states are at the time-like 
region above 1 GeV, the GT strengths in the lower energy region should be reduced. 
The sum rule value may not be changed, but a part of the GT strengths are taken 
by NN states, which can not be excited through usual charge-exchange reactions. 
This means the violation of the GT sum rule in the nucleonic degrees of freedonM 

The purpose of the present paper is to review recent work on the relativistic cor- 
rections to the GT sum rule[5-ll]. It will be shown that naive relativistic corrections 
reduce the GT strengths in the low excitation-energy region by about 12% in nuclear 
matter with the normal density and about 8% in finite nuclei. We will also examine 
effects of the coupling between the particle-hole states and the nucleon-antinucleon 
states in the random phase approximation by assuming relativistic Landau-Migdal 
parameters. The coupling requires the renormalization of the divergence in the rel- 
ativistic response function. A model to renormalize the div erge nce is presented. It 
will be also shown that t he so-cal led no-sea approximation^, which is employed 
frequently in the literature'^'"'^'^, is unphysical, from the sum-rule point of view. 



2. Gamow- Teller Sum Rule 

Let us briefly mention the GT sum rules in the non-relativistic and relativistic 
theory. They are the model-independent sum rules with regard to the difference 
between the total [3- and /3+ transition strengths. The sum rule values are the 
same in both cases, and given by the difference between the neutron number N and 
the proton number Z of the system. 
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2.1. Gamow-Teller sum rule in the non-relativistic theory 

In the non-relativistic theory, the GT sum rule is obtained by calculating^ 

5„onrci = ^{(0|Q+|n)(n|g„|0)-(0|Q_|n)(n|Q+|0)}, (1) 

n 

where Q± denotes the /3± transition operators, respectively, 

A 
Q± = ^ CryiT±i T± = (t^ ± iTy) /V2. (2) 

i 

With use of the closure property of the intermediate states, the sum is expressed in 
terms of the commutator, so that the sum value is calculated to be 

5nonrcl - (0 | [Q+, Q-] | ) = 2{N - Z). (3) 

Thus, the sum rule is just the result of the commutation relation between the isospin 
operators. Hence, any non-relativistic model should satisfy it.'' 

If there is no ground state correlations in A^ > Z closed subshell nuclei, as 
sometimes assumed for ^"Zr and ^°*Pb, we have 

Q+|0) = 0. (4) 

Then the sum rule value is exhausted by the proton particle and neutron hole states 
excited through the /3_ transitions, 

^(0|Q+|n)(n|Q_|0)=2(JV-Z). (5) 



2.2. Gamow-Teller sum rule in relativistic theory 

In terms of the nuclear field ijj{x), the excitation operators of the P± transitions are 
written as 



F±^ J d^x^{x)r±^{x), (6) 

where r± stands for 

r±=j5lyT±. (7) 

The GT sum is described as 

5rei-^{(0|F+|n)(n|F_|0)-(0|i^_|n)(n|F+|0)}. (8) 

n 

With use of the closure property of the intermediate states, the above equation is 
expressed by the commutator, as in the non-relativistic theory, 

5rel=(0|[^+,F_]|0). (9) 

""It should be noted that the sum rule value is given as 3{N — Z) in the literatur*!^ where the 
excitation operator is defined by J^ cr{Tx ± iTy)/2, instead of Q±. 
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The commutator is calculated as 

[F+,F^]= J d^xd''x'i^oT+)c.a'hor-)pi3' [^iix)i^o.'{x),ijl{x')il;p,{x')\ (10) 

= 2 / (fxip^xy^.ijjix), 
by using the fact that 

{^iix),^Pc'ix')} =Saa'6{x~x'). (11) 

Finally we obtain the GT sum rule in the relativistic theory as 

S,,i = 2iN-Z). (12) 

Thus, the sum rule value is the same as in the non-relativistic theory. It should be 
noted, however, that Ea. Hll() holds in including the anti-nucleon degrees of freedom, 
and the closure property used in Eq.® requires NN states in addition to particle- 
hole states. If we neglect the NN states, the sum value of the nucleon sector must 
be reduced by the relativistic effect, compared to 2{N — Z). 

3. Relativistic mean field approximation 

So far, relativistic corrections have been estimated with use of the p/M expansion 
of the free field. Recent development of relativistic nuclear models for the past 30 
years, however, make it possible to estimat e the c orrections consistently with the 
nuclear wave function without the expansion ^ ' ^\ 

In the present section, we estimate relativistic corrections in the mean field 
approximation. First, we study the GT transition in nuclear matter, assuming that 
the nucleons and antinucleons are bounded in Lorentz scalar Us and vector Uq 
potentials. Next, we will discuss the relativistic corrections in finite nuclei, according 
to the more detailed mean field approximation. 

In nuclear matter in Lorentz scalar and vector potentials, the mean field is given 
by the free field, but with the effective nucleon and anti-nucleon mass M* = M—Ug, 

i^ix) = —^^'^\Ua{p)exp{ip-x)aa{p)+Va{p)exp{~ip-x)bl{p)j, (13) 

where we have defined 

Ua{p) ^u^{p)\t) , (a = (T,T), etc.. 
The positive and negative spinors are given by 



In the above equation, we have used abbreviations Ep = y/M*'^ + p'^ and £, for Pauli 
spinor. The Lorentz vector potential does not appear explicitly in the field. Using 
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these notations, we have for /3_ and /3+ excitations in A'^ > Z nuclei, respectively, 

+ uAp)rv,'{-p)al^{p)bl^i-p))\0), 
F+|0) = V2jd^p J2Mp)rv.'i'P)aLip)blpi-p) |0), 

r being F = 75 7j^. The above equations show that there are excitations of proton- 
antineutron states in the /3_ transitions in addition to particle-hole states, while 
neuron- antiproton states in the /?+ transitions. Using these equations, we obtain 
the total GT strengths for the /3_ and /3+ transitions^!, 



;0|F+F_|0)=4 



V 



(2^)3 



;0|F_^, 10) 



V 
^2^ 



d^-p 

V 



d^p 

p 



0(")(i-0(p))(Ar2+p2 



[P ~Pv 



1- 



[p 



pD 



(14) 



(15) 



where we have defined the step function and the volume of the system as, 

61W :^ Q{k^ _ IpI) iori^p and n, V ^ A {"iii'^ /2kl) , 
fcn and fcp being Fermi momentum of neutrons and protons, 

2Z . 






F7 






(16) 



The analytic expressions in Eas. (|14|) and p5|) for nuclear matter are useful for 
discussions of relativistic corrections to the /3_ and /?+ transition strengths. As seen 
from the step functions in the square brackets of Eq. (|14|) , the first term stems from 
the transitions of neutrons to proton states, while the second term is due to the 
transition of anti-neutrons to proton states. In the second term, the step function 
appears with a minus sign because of the Pauli principle. The part with the step 
function is called frequently Pauli blocking term. The integral of the first term is 
finite, but the one of the second term is infinite, although Pauli blocking term gives 
the finite value. For the /3+ transitions, Ea. H15() yields the matrix element coming 
from the transitions of anti-protons to neutron states only, since we assume nuclei 
with N > Z. The integral of the right hand side is also infinite. 

The GT sum rule is obtained from the difference between Eas. 1)1411 and l|15(l . 
Each of them is infinite, but the infinite terms exactly cancel each other and the 
difference becomes finite, yielding the GT sum rule value, as in Ea. p2|l 



{0\F+F^\0)~ (0|i^_F+|0) ^2{N~Z). 
The sum rule is thus satisfied, if we take into account the NN states. 



(17) 
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The NN states can not be excited by usual charge- exchange reactions, as men- 
tioned before. If there is no coupling between particle-hole states and NN states, 
the only particle-hole states are observed at low excitation-energy region. Thus, 
the relativistic corrections come from the contribution of the NN states to Ea. (|17|l . 
They are estimated by ca lcula ting the first term of Eq. (|14|) for the total /3_ strength 
of the particle-hole statea^lHl 

5ph = 4- {Q{kn) - Q{kp)} , (18) 



fcp 



where q{ki) is defined as 



Q{k^) = y + 2fc,M*2 - 2M*3tan-i ^. (19) 

When we expand Q{ki) in terms of {kn — kp), we obtain 

Sp^^(l~^vl)2{N-Z), (20) 

vf being the Fermi velocity, kp/ y^M*"^ + fc|,. The reduction factor in the first paren- 
theses is the relativistic correction coming from the anti-nucleon degrees of free- 
dom. When we employ the values as vp — 0.43 which corresponds to the values 
M* = 0.6M and kp = 1.36 fm~^ as in most relativistic modelsJ^, the sum rule 
value is quenched by about 12%. The quenched amount is taken by NN states, 

[{0\F+F^\0) - {0\F^F+\0)]^j^^^vl2{N - Z). (21) 

In finite nuclei, we can not obtain the analytic formulae, but can perform more 
sophisticated calculations numerically. We obtain the quenching of the sum rule 
value by 6.3% in ""^Ca with use of the NL-SH parameter sell^ and by 7.7% in ^"Zr 
and by 8.4% in ^°®Pb using the NL3^. These values are smaller than 12% in nuclear 
matter, since the effective mass in nuclear surface of finite nuclei is larger than 
that of nuclear matter. These results implies that the relativistic correction is not 
negligible in the discussion of the quenching phenomena of the GT sum rule value. 

4. Relativistic RPA 

When we discuss the excitation strengths, the particle-hole correlations should be 
examined as in non-relativistic models. Moreover, the coupling between the particle- 
hole states and NN states should be also investigated, since the present relativistic 
model has no reason why the anti-nucleon degrees of freedom can be neglected. The 
small coupling has a possibility to change the strengths of low lying states, because 
of the total strength of the NN states to be infinite. To estimate these effects, 
we study the GT response function of nuclear matter with the relativistic random 
phase approximation(RPA) . This framework requires two assumptions. First, 

we have to assume the coupling Lagrangian between particle-hole states and NN 
states. Second, we need a model to renormalize the divergence in the response 
function. 
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4.1. RPA without renormalization 

For the coupling Lagrangian, we extend the non-relativistic models for the giant 
GT states. In non-relativistic models, the spin-isospin responses of nuclei are well 
described by the coupling Hamiltoniaii^, 



V 



rrijr / 



h Y {<Ti- q){(T2 -q) / /p \^ (cTi X q)((T2 x q) 



q^ + nil. V "^p / q^ 



T1-T2. (22) 



The the first term with the Landau-Migdal parameter g' is responsible for the 
short-range part of the interaction, the second one is due to the pion exchange, and 
the last one comes from the rho-meson exchange. In nuclear matter, only the first 
term is responsible for the particle-hole interaction, since the momentum transfer 
is zero in the GT excitations. In relativistic models, we assume relativistic Landau- 
Migdal parameters which reduce t o th e non-relativistic one. Those are given by the 
pseudovector and tensor coupling*^, 

c = ^-^lprti^ ?r^.^ + 1 IpTfi^ ^T^. , V, (23) 

where we have used the notations, 

rt^r^rn, Tr^cj^^'n. (24) 

In the non-relativistic limit, both terms in Ea. H23|l reduce to the first term of Ea. H22|) 
with the relationship, 

ga^9'(^)\ g,^g'(^)\ (25) 

The role of the tensor coupling Lagrangian has been discussed in ref.l^, and shown 
to have no contribution to the quenching problems. Therefore we neglect it from 
now on. 

The relativistic RPA equation in nuclear matter can be solved in an analytic 
way. When we expand the excitation energy ujqt and strength 5_ of the GT state 
in terms of {N — Z), we have^ 

4fci gg A 2 2\ N-Z 

^- " 3^ 1 + 2.'(N)W(2.)^ V - -^V ^' ^''^ 

S- ~ J^ 2 f 1 - I4) 2 (N-Z). (27) 



(l + 2«'(N)ga/(2^)3 



3 



In the above equation, k'(N) stems from the coupling of the particle-hole states 
with NN states, 

«'(N) = ^y'rf3p|^(2-0(")-0(P)), (28) 
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which is infinite, because of the first term of the parentheses. Thus, we need to 
renormahze the divergence in a proper way in order to obtain the finite value. 
Before discussing the renormalization, three comments will be in order. 

First if we neglect the coupling between the particle-hole states and NN states, 
the excitation strength of the GT state becomes 

S-^U- '^vi\ 2{N-Z), (29) 

which exhausts the GT sum value of the nucleon sector. Moreover, in the non- 
relativistic limit, Eas. 1)26(1 and 1)29(1 reduce to 

S- — > 2{N - Z), 

which were obtained previously in non-relativistic models^. 

Second, as seen in Eos. ((26(1 . the coupling constant g^, is reduced by the repulsive 
coupling with NN as 

eff^ 9^ . (30) 

''' 1 + 2«'(N)gJ(27r)3 

The strength is also reduced by the coupling, as seen in Eg. ((27(1 . These forms are 
familiar in non-relativis tic models where low lying states couple with high lying 
ones by a repulsive force^, although the value of «;'(N) is positive infinite. 

Third comment is rather serious for the approxim atio n which neglects simply 
the divergence terms, as in the the no-sea approximatiorP^. This approximation has 
been extensively used in previous calculations to avoid the renormalization"^ I 

If the first term of Eg. 1(28(1 is neglected in order to avoid the divergence and the 
second and the third term are kept, the positive k'(N) is replaced by the negative 
«;(N), 

«(N)^-^|d^p|^(e("'+eO- (31) 

Therefore, in this approximation, the repulsive coupling is replaced artificially by the 
attractive one. As a result, the excitation energy becomes higher and the strength 
is enhanced due to the coupling in spite of the fact that the coupling Hamiltonian 
is repulsive. 

These unphysical results are also seen in the relativistic Landau-Migdal param- 
eter Fq obtained previously from the same approximation in the a-u) model ^ '^ l 
When the coupling of the particle-hole states with the NN states is neglected, the 
a-LO model provides us with Fq as 

Fo = i^v - (1 - vl)F,, (32) 

where we have defined 

-.2 



at T. AT a; ,, 2kFEF 



Fv = 7Vf^, F, = Nf^, Nf = ^^, Ep^Jkl+M*^. (33) 
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In the above equations, myr^\ and g^is) stand for the ti;(a)-meson mass and the 
coupling constant of the a;((T)-nieson with the nucleon, respectively. When we take 
into account the coupling with NN states by neglecting the divergence terms and 
keeping the Pauli blocking terms, the Landau-Migdal parameter Fq becomes 

^o = ^v-rr4^^- (34) 

1 + asFs 
where we have used the abbreviations, 

3 A 2 2 , l-f|,__ 1-wf\ _, 1 4 Z^-, 3 2 



Thus, the attractive part due to the cr-meson exchange is un-physically reduced 
due to the coupling with the NN states by the factor (1 + agFs) > 0, in spite of 
the fact that the attractive part should be enhanced by the coupling. The Landau- 
Migdal parameter _fo dominates the excitation energy of the giant monopole sta tes. 
The reduction of the attractive force yields the increase of the excitation energy^. 
Recent numerical calculations of the excitation ener gy have also shown this fact, 
although the experimental values are well reproduced™ 

It is worthwhile noting one more comment on the approximation to neglect 
the divergence terms. Even if one neglects the divergence terms, the GT sum rule is 
satisfied, since the infinite terms in Eas. (|14|l and H15|l exactly cancel each other. The 
analytic formulae in Eqs. H14|l and H15(l . however, show that in this approximation, 
the f3± transition strengths of NN states become negative. This fact changes the 
effect of the repulsive interaction into that of attractive one un-physically. We have 
also the negative strengths above IGeV in the RPA calculations- ^. Thus the sum 
rule is not enough for justification of the approximation. 

4.2. RPA with renormalization 

Now let us discuss the renormalization of the divergence on the first ter m of 
Ea. (|28|l . For this purpose, we employ n-dimensional regularization method^. The 
3-dimensional integral of the first term came from the 4-dimensional one, 

3jdP^^ = ^-Jdpj-r^j^,^^-^. (36) 



^-»z/^> J_::.:i^. (37) 



The above 4-dimensional integral is extended to the n-dimensional integral, 

.2 f ^,^ M*+p^ + 2pl 

I— a p—^ 

TT 7 (p^ - M* 

In the limit n -^ 4, we can separate the integral into the finite part and infinite 
part, 

/„^4 = 47r{Ar2r(l-n/2)|„^4 + 2Ar^lnM*}, (38) 
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where the divergence is included in the F function. Since the F function is multiphed 
by M*2, 

M*2 = (M - U,f = M^ - 2MUs + U^, 

we assume the 3 counter terms to cancel the divergence in the Lagrangian^^l 

ACc = ^lao + aia + ^a2CTAAf,-A^. (39) 

In the above equation, a and A^ denote the Lorentz scalar and pseudovector fields, 
respectively, and the coefficients ai are determined so as to cancel the divergence. 
Finally, we obtain the renormalized k'(N) as 

k' N)rc„ = -47rA/2 J 2 In +1 1 - 3 \ klvl 

«.-4.M^-(^l--j -—kl4. (40) 

The first term of the right hand side is obtained by the renormalization of the di- 
vergence, and the last term comes from the Pauli blocking one. It should be noted 
that the above K'(N)i.cn is negative for M* < M, while k'(N) in Ea. H28|) is posi- 
tive infinite. Thus, the renormalization by the counter terms change the repulsive 
contribution from NN states into the attractive one to Ea. (|30|l . This change hap- 
pens in other cases, for exarnple, in the renormalization of the divergence in the 
Landau- Migdal parameter Fcp^. 

Let us estimate the quenching of the GT strength by using g' = 0.6, M* = 
0.7306M and kp = 1.3 fm~^. The first value is determined so as to reproduce the 
excitation energy of the GT stated while the last two ones are obtained in the 
renormalized Hartree a ppro ximation of the a — uj model to explain the binding 
energy of nuclear matteil^. Finally we obtain 

S- = ^Z ^""^^^ ^2{N-Z)^2{N-Z). (41) 

{l + 2K'(N)„n.ga/(2^)3} 

Thus, the renormalization is very important, and almost cancels the quenching in 
the Hartree approximation. For this result, the first term in Ea. H40|l is important, 
and second term from the Pauli blocking one is negligible. In fact, if we neglect 
simply the divergence terms in the RPA, we have 

l-2z;2/3 ^^^^ ^,^/ 2 



S- = ^ ^2(N^Z)k [l--vi]2(N-Z), (42) 

{l + 2.(N)5./(2^)3}^ ' K 3V ' 

as shown in refs.l^andl^. 

We note that K'(N)ron has a rather strong density-dependence through the ef- 
fective mass. In finite nuclei, the effect of K'(N)i.on on 5_ may be weaken. In high 
density nuclear matter, on the contrary, the value of S- is expected to be more 
enhanced. 
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Before closing this subsection, two comments should be added. The relativistic 
RPA satisfies the GT sum rule. Second, the energy-weighted sum of the /5_ and 
/3+ transition strengths is equal to the ground-state expectation value of the double 
commutator as to the GT operator and the present Hartree Hamiltonian"", 

J2iEn- Eo)\{n\F^\0)\^ +J2iEn~- Eo)\(n\F+\0)\' 

n n 

= (0|[F+, [H,F_]]|0), (43) 

where En and Eq stand for the excitation energies of the RPA excited state \n) and 
the ground state |0), respectively, and H denotes the Hartree Hamiltonian. The 
above relationship is well known in non-relativistic RPA for no-charge exchange 

Oft 

excitationfy-"^. 

5. Conclusion 

The Gamow-Teller(GT) sum rules with respect to the difference between /3_ and /3+ 
transition strengths are investigated in the relativistic and non-relativistic theories. 
The sum rule value of the relativistic theory is the same as that of the non-relativistic 
theory, although each total strength of the /3_ and j3+ transitions is infinite. In the 
non-relativistic theory, the sum rule value is exhausted by the particle-hole states, 
while in the relativistic theory, a part of the GT strengths are taken by the nucleon- 
antinucleon(NN) states. Hence, if there is no coupling between the particle-hole 
states and NN states, the total GT strengths of the particle-hole states in the 
relativistic theory are reduced, compared to the su m rule value. According to the 
relativistic nuclear models developed for recent year j^ ' '!^' the quenching amount 
is estimated to be about 12% of the sum rule value in nuclear matter, and about 
8% in finite nuclei 

There may be a possibility that the coupling of the particle-hole states can be 
neglected, from more fundamental reason beyond the present relativistic model. We 
have estimated, however, effects of the coupling on the GT strengths within the 
relativistic model, using the random phase approximation for nuclear matter. The 
divergence of the GT response function due to th e N N states is properly renor- 
malized by the n-dimensional regularization methocP^. It has been shown that the 
coupling reduces the quenching of the GT strengths. In nuclear matter with the 
normal density, it is expected that the total strength of the [3- transition to the low 
lying states becomes nearly equal to the GT sum rule value. Since the coupling ef- 
fect is density-dependent, it may be weaken in finite nuclei. In this sense, we expect 
that 8% is the upper limit of the relativistic correction in the present relativistic 
model. 

We have also discussed the approximation like the no-sea approximation which 
neglects the divergent terms, but takes into account the Pauli blocking ones of 
the NN excitations. The approximation does not violate the GT sum rule, but 
yields negative excitation strengths for NN states. Because of this fact, the repulsive 
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interaction of the coupling works, as if it were an attractive one. We have the same 
problem in a description of the giant monopole states, where the attractive coupling 
interaction through the cr-meson exchange yields a repulsive effect. There seems to 
be no justification for the approximation to neglect the divergence. 
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